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Abstract 
 
Although relativistic electrodynamics is more than 100 year old, there is one 
neglected topic in its presentation and application: relativistic transformations of 
electromagnetic integrals. Whereas in theoretical and applied electrodynamics electric 
and magnetic fields are mainly expressed in terms of integrals over charge and current 
distributions, relativistic transformations are traditionally applied to point charges and 
elementary currents. The purpose of this paper is to show that relativistic transformations 
can be easily applied to electromagnetic integrals and that relativistic transformation of 
such integrals constitutes a valuable method for solving a variety of electromagnetic 
problems involving moving electromagnetic system. Six illustrative examples on 
relativistic transformation of electromagnetic integrals, including transformation of 
Maxwells equations in their integral form, are presented in this paper.  
 
 
 
 
I. Introduction 
 
 
Relativistic transformations of electromagnetic quantities is an important element of 
relativistic electrodynamics. However, in standard presentations of relativistic electrodynamics 
such transformations are limited to electromagnetic quantities associated with relativistic 
particles, which are usually rapidly moving point charges. On the other hand, electromagnetic 
theory deals mostly with electric and magnetic fields associated with charge and current 
distributions. These fields are usually expressed in terms of electromagnetic integrals. Quite 
clearly, manipulating electromagnetic integrals by means of relativistic transformations should 
be a useful extension of relativistic electrodynamics and should be preferably included in 
standard courses on relativistic electromagnetism.  
This paper introduces six illustrative examples on relativistic transformations of 
electromagnetic integrals. In all six examples two inertial reference frames are used: a stationary 
reference frame Σ (laboratory), represented by the Cartesian axes x, y, z, and an inertial 
reference frame Σ′, represented by the Cartesian axes x′, y′, z′, moving with velocity v = vi 
relative to Σ in the positive direction of their common x, x′ axis. 
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II. Illustrative examples on relativistic transformation of electromagnetic integrals 
 
 Example 1. The electric scalar potential of a stationary charge distribution ρ is 
represented by the well-known equation 
 
  dVr∫= ρπεϕ 04 1  .   (1) 
 
Using relativistic transformation equations, convert Eq. (1) into the integral for the magnetic vector 
potential produced by a charge distribution moving with constant velocity v = v i. 
Let a charge distribution ρ′ be at rest in the moving reference frame Σ′. The electric 
potential φ′ produced by ρ′ in this reference frame is given by Eq. (1) with φ, ρ, r, and dV replaced 
by the corresponding primed quantities: 
 
     Vd
r
′
′
′
=′ ∫ ρπεϕ 04 1  . (2) 
 
Observed from the laboratory (reference frame Σ), the charge distribution ρ′ moves with 
velocity v along a line parallel to the x axis. Like all moving charges, it creates a magnetic field. To 
find the associated magnetic vector potential, we transform Eq. (2) by using appropriate 
transformation equations listed in the Appendix (these equations are identified by the prefix 
A). However, first we express r′ and dV′ appearing in Eq. (2) in terms of x′, y′, and z′: 
 
 zdydxd
zyx
′′′
′+′+′
′
=′ ∫∫∫ 2/1222
0 )(4
1 ρ
πε
ϕ .   (3) 
 
 Since we are free to chose the time of observation in the laboratory, we chose t = 0 for 
simplicity.1 By Eqs. (A4), (A2) and (A3) we then have 
 
 .,),( dzzddyyddxdxd =′=′=′ γ    (4) 
 
 By Eq. (A17) (noting that there is no current in Σ′ where the charge is stationary) we have 
 
 ./γρρ =′    (5) 
 
By Eq. (A18) (noting that there is no magnetic vector potential in Σ′ where the charge is stationary) 
we have 
 
 ./ 2cvAx ϕγ ′=    (6) 
 
Substituting Eqs. (4)-(6) into Eq. (3), we obtain 
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 dxdydz
zyxc
vdydzxd
zyxc
vAx ∫∫∫∫∫∫ ++=++= 2/12222202/122220 ]/)([4)(])[( /4 γρπεγγ γρπεγ  ,   (7) 
 
and since  
 ,/1/1 222 cv−=γ    (8) 
 
we obtain upon simplifying the denominator of Eq. (7), replacing dxdydz by dV, and replacing 
2
0/1 cε  by 0µ , 
 dV
crvzyr
vAx ∫ +−= 2/1222220 ]/)(1[4 ρπµ  ,  (9) 
or 
 dV
cvr
vAx ∫
−
= 2/12222
0
]sin)/(1[4 θ
ρ
π
µ  ,  (10) 
 
where θ is the angle between the velocity vector v of the moving charge distribution and the 
radius vector r connecting dV with the point of observation. For the y and z components of the 
vector potential we obtain from Eqs. (A19) and (A20)  
 
 .0== zy AA   (11) 
 
 
Example 2. The electric field of a stationary charge distribution ρ is represented by the 
well-known equation 
 
  dVr∫= 304 1 rE ρπε  .   (12) 
 
Applying relativistic transformation equations to Eq. (12), find the magnetic field produced by a 
charge distribution moving with constant velocity v = v i. 
 As in the preceding example, let a charge distribution ρ′ be at rest in the moving reference 
frame Σ′. Rewriting Eq. (12) in terms of its Cartesian components and prime coordinates, we have 
for the electric field produced by ρ′ in Σ′ 
 
 zdydxdzyx
xEx ′′′
′+′+′
′′
=′ ∫∫∫ 2/3222
0 )(4
1 ρ
πε
, (13) 
 
 zdydxd
zyx
yEy ′′′
′+′+′
′′
=′ ∫∫∫ 2/3222
0 )(4
1 ρ
πε
 , (14) 
   
 ∫∫∫ ′′′′+′+′ ′′=′ zdydxdzyx zEz 2/32220 )(4 1 ρπε . (15) 
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For the time of observation in the laboratory we chose as before t = 0, so that Eq. (4) 
applies again. Also, since there is no current in Σ′, Eq. (5) applies. By Eqs. (A8)-(A10) (noting that 
there is no magnetic field in Σ′ where the charge is stationary) we have 
 
 0=xB  ,   (16) 
 
 2/ cEvB zy ′−= γ  ,   (17) 
 
 2/ cEvB yz ′= γ  .   (18) 
 
Substituting Eqs. (4), (5), (17), and (18) into Eqs. (15) and (14), we obtain 
 
 dydzxd
zyx
z
c
vBy )()(
)/(
4 2/3222220
γ
γ
γρ
πε
γ ∫∫∫ ++−= , (19) 
 
 dydzxd
zyx
y
c
vBz )()(
)/(
4 2/3222220
γ
γ
γρ
πε
γ ∫∫∫ ++= . (20) 
   
Rewriting Eq. (16) and simplifying Eqs. (19) and (20) just as we simplified Eq. (7) in 
Example 1, we obtain for the magnetic field produced by a moving charge distribution 
 
 0=xB  ,   (21) 
 
 dVcvr
zcvvBy ∫
−
−
−= 2/32223
22
0
]sin)/(1[
)/1(
4 θ
ρ
π
µ , (22) 
 
 dV
cvr
ycvvBz ∫
−
−
= 2/32223
22
0
]sin)/(1[
)/1(
4 θ
ρ
π
µ . (23) 
 
 
 
Example 3. Show that Gausss law for electric fields 
 
     dVd∫ ∫=⋅ ρSD     (24) 
 
is invariant under relativistic transformations. 
First we apply Gausss theorem of vector analysis to Eq. (24), transforming it into 
  
     dVdV ∫∫ =⋅∇ ρD  .  (25) 
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Expressing D⋅∇  in terms of its Cartesian components and making use of the relation ED 0ε= ,  
we then write Eq. (25) as 
 
   ∫∫∫∫∫∫ = ∂∂+∂∂+∂∂ dxdydzdxdydzzEyExE zyx ρε 0  .  (26) 
 
Let us now transform Eq. (26) to the moving reference frame Σ′. Let the time of 
observation in Σ′be t′ = 0. By Eqs. (A1)-(A3) we then have 
 
    zddzyddyxddx ′=′=′= ,),(γ  .  (27) 
 
Using Eq. (27) to replace dx, dy and dz in Eq. (26) by dx′, dy′ and dz′, and using Eqs. (A21), 
(A24) and (A25) to replace the derivatives with respect to x, y, z by those with respect to x′, y′, z′, 
we have 
  
  ∫∫∫∫∫∫ ′′′=′′′ ′∂∂+′∂∂+∂∂−′∂∂ zdydxdzdydxdzEyEtEcvxE zyxx )()(1 20 γργγε  . (28) 
 
Replacing now Ex, Ey and Ez in Eq. (28) (except in the derivative with respect to time) by E′x, E′y, 
Bz, E′z, and By by using Eqs. (A5), (A12) and (A13), and replacing ρ by ρ′ and Jx by using Eq. 
(A16), we obtain 
 
  
,)(1
)(111
2
20
∫∫∫
∫∫∫
′′′


+′=
′′′



′∂
∂
−
′∂
′∂
+
′∂
∂
+
′∂
′∂
+
∂
∂
−
′∂
′∂
zdydxdJ
c
v
zdydxd
z
B
v
z
E
y
Bv
y
E
t
E
c
v
x
E
x
yzzyxx
γρ
γ
γ
γγγ
ε
 (29)   
or 
 
  
.
)(11 22
0
00
∫∫∫
∫∫ ∫∫∫∫
′′′′=
′′′



∂
∂
−−
′∂
∂
−
′∂
∂
+′′′



′∂
′∂
+
′∂
′∂
+
′∂
′∂
zdydxd
zdydxd
t
E
c
J
cz
B
y
Bvzdydxd
z
E
y
E
x
E x
x
yzzyx
ρ
γ
ε
εε
  (30) 
 
Placing 0ε under the integral signs and using DE =0ε and ,)/1(
2
000 HHB c== µεε we have 
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,
)(11 2222
∫∫∫
∫∫ ∫∫∫∫
′′′′=
′′′



∂
∂
−−
′∂
∂
−
′∂
∂
+′′′



′∂
′∂
+
′∂
′∂
+
′∂
′∂
zdydxd
zdydxd
t
D
c
J
czc
H
yc
Hvzdydxd
z
D
y
D
x
D x
x
yzzyx
ρ
γ
  (31) 
or 
 
           ∫∫∫ ∫∫ ′′=′′′ ∂∂−−′∂∂−′∂∂+′′⋅∇′ VdzdydxdtDJzHyHcvVd xxyz ργ )(2D  .  (32) 
 
However, by Eq. (27), dxdydzzdydxd =′′′)(γ , by Eqs. (A24) and (A25), yy ∂∂=′∂∂ // , 
zz ∂∂=′∂∂ // , and therefore, by Eq. (A31) the triple integral in Eq. (32) is zero. We thus obtain  
 
     ∫∫ ′′=′′⋅∇′ VdVd ρD     (33) 
  
and hence, by Gausss theorem of vector analysis, 
 
     Vdd ′′=′⋅′∫ ∫ ρSD  .    (34) 
  
Thus our relativistic transformations from Σ to Σ′ have not changed the form of Eq. (24). 
Hence Gausss law for electric fields is invariant under relativistic transformations. 
 
 
 Example 4. Show that Gausss law for magnetic fields 
 
  0∫ =⋅ SB d   (35) 
 
is invariant under relativistic transformations. 
First we apply Gausss theorem of vector analysis to Eq. (35), transforming it into  
 
 0=⋅∇∫ dVB  . (36) 
 
Expressing B⋅∇  in terms of its Cartesian components, we then write Eq. (36) as 
 
    0=



∂
∂
+
∂
∂
+
∂
∂∫∫∫ dxdydzzByBxB zyx  .  (37) 
 
Let us now transform Eq. (37) to the moving reference frame Σ′. As before, we choose t′ 
= 0 for the time of observation in Σ′. Using Eq. (27) to replace dx, dy and dz in Eq. (37) by dx′, 
  7 
dy′ and dz′, and using Eqs. (A21), (A24) and (A25) to replace the derivatives with respect to x, y, 
z by those with respect to x′, y′, z′, we have 
  
 0)(1 2 =′′′



′∂
∂
+
′∂
∂
+
∂
∂
−
′∂
∂∫∫∫ zdydxdzByBtBcvxB zyxx γγ  .  (38) 
 
Replacing now Bx, By and Bz in Eq. (38) (except in the derivative with respect to time) by B′x, B′y, 
E z, B′z, and Ey by means of Eqs. (A8), (A14) and (A15), we obtain 
 
  ∫∫∫ =′′′ ′∂∂+′∂ ′∂+′∂∂−′∂ ′∂+∂∂−′∂ ′∂ 0)(111 222 zdydxdzEcvzByEcvyBtBcvxB yzzyxx γγγγ  , (39) 
 
or 
 
  ∫∫∫ ∫∫∫ =′′′ ∂∂+′∂∂−′∂∂−′′′ ′∂ ′∂+′∂ ′∂+′∂ ′∂ 0)(2 zdydxdtBzEyEcvzdydxdzByBxB xyzzyx γ  , (40) 
  
and therefore 
 
   0)(2 =′′′



∂
∂
+
′∂
∂
−
′∂
∂
−
′′⋅∇′ ∫∫∫∫ zdydxdtBzEyEcvVd xyz γB  .  (41) 
 
However, by Eq. (27), dxdydzzdydxd =′′′)(γ , by Eqs. (A24) and (A25), yy // ∂=′∂ , 
zz // ∂=′∂ , and therefore, by Eq. (A36), the triple integral in Eq. (41) is zero. We thus obtain 
 
 0=′′⋅∇′∫ VdB   (42) 
 
and hence, by Gausss theorem of vector analysis, 
 
 0∫ =′⋅′ SB d   (43) 
 
Except for the primes, Eq. (43) is the same as Eq. (35). Hence Gausss law for magnetic 
fields is invariant under relativistic transformations 
 
 
 Example 5. Show that Faradays law  
 
 SBlE d
t
d∫ ∫ ⋅∂∂−=⋅   (44) 
 
is invariant under relativistic transformations. 
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First we apply Stokess theorem of vector analysis to Eq. (44), transforming it into 
  
 ( ) SBSE d
t
d ∫∫ ⋅∂∂−=⋅×∇  .  (45) 
 
In terms of its Cartesian components Eq. (45) is  
 
  
.dxdy
t
Bdxdz
t
B
dydz
t
B
dxdy
y
E
x
E
dzdx
x
E
z
Edydz
z
E
y
E
zyx
xyzxyz
∫∫∫∫∫∫
∫∫∫∫∫∫
∂
∂
−
∂
∂
−
∂
∂
−=




∂
∂
−
∂
∂
+


∂
∂
−
∂
∂
+



∂
∂
−
∂
∂
    (46) 
 
Let us now transform Eq. (46) to the moving reference frame Σ′. As before, we choose t′ 
= 0 for the time of observation in Σ′. Using Eq. (27) to replace dx, dy and dz in Eq. (46) by dx′, 
dy′ and dz′, and using Eqs. (A24) and (A25) to replace the derivatives with respect to y and z by 
those with respect to y′ and z′, we have  
 
 
.)()(
)()(
∫∫∫∫∫∫
∫∫∫∫∫∫
′′
∂
∂
−
′′
∂
∂
−
′′
∂
∂
−=
′′



′∂
∂
−
∂
∂
+′′


∂
∂
−
′∂
∂
+′′



′∂
∂
−
′∂
∂
ydxd
t
Bxdzd
t
B
zdyd
t
B
ydxd
y
E
x
E
xdzd
x
E
z
Ezdyd
z
E
y
E
zyx
xyzxyz
γγ
γγ
   (47) 
Using now Eqs. (A5)-(A7) to replace Ex, Ey, Ez in Eq. (47) by the corresponding primed 
quantities (except in the derivatives with respect to x), using Eq. (A8) to replace Bx by B′x, and 
using Eq. (A22) to replace t∂∂ /  in the first term on the right of Eq. (47) by the corresponding 
primed quantities, we can write Eq. (47) as 
 
)48(.)()(
)()(
∫∫∫∫∫∫
∫∫∫∫∫∫
′′
∂
∂
−
′′
∂
∂
−
′′


′∂
′∂
−
′∂
′∂
−=
′′



′∂
′∂
−
∂
∂
+′′


∂
∂
−
′∂
′∂
+′′



′∂
′∂
−
′∂
′∂
−
′∂
′∂
−
′∂
′∂
ydxd
t
Bxdzd
t
B
zdyd
x
Bv
t
B
ydxd
y
E
x
E
xdzd
x
E
z
Ezdyd
z
Bv
z
E
y
B
v
y
E
zyxx
xyzxzyyz
γγγγ
γγγγγγ
    
According to Eq. (42), taking into account that Eq. (42) holds for any volume of 
integration and that therefore 0=′⋅∇′ B , the terms with yBxB yx ′∂′∂′∂′∂ /,/ and zBz ′∂′∂ / in Eq. 
(48) vanish, so that Eq. (48) simplifies to 
 
  9 
 
.)()(
)()(
∫∫∫∫∫∫
∫∫∫∫∫∫
′′
∂
∂
−
′′
∂
∂
−
′′
′∂
′∂
−=
′′



′∂
′∂
−
∂
∂
+′′


∂
∂
−
′∂
′∂
+′′



′∂
′∂
−
′∂
′∂
ydxd
t
Bxdzd
t
B
zdyd
t
B
ydxd
y
E
x
E
xdzd
x
E
z
Ezdyd
z
E
y
E
zyx
xyzxyz
γγγ
γγγγ
   (49) 
 
Using Eqs. (A7), (A6), (A9), and (A10), we can write Eq. (49) as  
 
)50(.)(
)/(
)(
)/(
)(
)(
)(
)(
22 ∫∫∫∫∫∫
∫∫∫∫∫∫
′′
∂
′+′∂
−
′′
∂
′
−
′∂
−
′′
′∂
′∂
−=
′′


′∂
′∂
−
∂
′+′∂
+′′


∂
′−′∂
−
′∂
′∂
+′′



′∂
′∂
−
′∂
′∂
ydxd
t
cEvB
xdzd
t
cEvB
zdyd
t
B
ydxd
y
E
x
BvE
xdzd
x
BvE
z
Ezdyd
z
E
y
E
yzzyx
xzyyzxyz
γγγγγ
γγγγγγ
 
 
 Dividing Eq. (50) by γ and rearranging, we obtain  
 
 
,
22
∫∫∫∫∫∫
∫∫∫∫
∫∫
′′


∂
′∂
+
∂
′∂
−′′



∂
′∂
+
∂
′∂
−′′
′∂
′∂
−=
′′




′∂
′∂
−



∂
′∂
+
∂
′∂
+′′

 


∂
′∂
+
∂
′∂
−
′∂
′∂
+
′′



′∂
′∂
−
′∂
′∂
ydxd
x
Bv
t
Bxdzd
x
B
v
t
B
zdyd
t
B
ydxd
y
E
t
E
c
v
x
E
xdzd
t
E
c
v
x
E
z
E
zdyd
z
E
y
E
zzyyx
xyyzzx
yz
γγ
γγ    (51) 
 
which, by Eqs. (A21) and (A23), is 
 
  
,∫∫∫∫∫∫
∫∫∫∫∫∫
′′
′∂
′∂
−
′′
′∂
′∂
−
′′
′∂
′∂
−=
′′



′∂
′∂
−
′∂
′∂
+′′


′∂
′∂
−
′∂
′∂
+′′



′∂
′∂
−
′∂
′∂
ydxd
t
Bxdzd
t
B
zdyd
t
B
ydxd
y
E
x
E
xdzd
x
E
z
Ezdyd
z
E
y
E
zyx
xyzxyz
  (52) 
 
or, in vector notation, 
 ( ) SBSE ′⋅′
′∂
∂
−=′⋅′×∇′ ∫∫ dtd ,  (53) 
 
and, by Stokess theorem of vector analysis, 
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 SBlE ′⋅′
′∂
∂
−=′⋅′ ∫∫ dtd .  (54) 
 
Except for the primes, Eq. (54) is the same as Eq. (44). Hence Faradays law Eq. (44) is 
invariant under relativistic transformations. 
 
 
 Example 6. Show that the equation 
 
 SDJlH d
t
d∫ ∫ ⋅ ∂∂+=⋅  (55) 
 
is invariant under relativistic transformations. 
First we apply Stokess theorem of vector analysis to Eq. (55), transforming it into 
  
 ( ) SDJSH d
t
d ∫∫ ⋅ ∂∂+=⋅×∇  .  (56) 
 
In terms of its Cartesian components Eq. (56) is  
 
 
.dxdy
t
DJdxdz
t
D
Jdydz
t
DJ
dxdy
y
H
x
H
dzdx
x
H
z
Hdydz
z
H
y
H
z
z
y
y
x
x
xyzxyz
∫∫∫∫∫∫
∫∫∫∫∫∫



∂
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++
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
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∂
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

∂
∂
+=




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∂
−
∂
∂
+


∂
∂
−
∂
∂
+



∂
∂
−
∂
∂
  (57) 
 
Let us now transform Eq. (57) to the moving reference frame Σ′. As before, we choose t′ 
= 0 for the time of observation in Σ′. Using Eq. (27) to replace dx, dy and dz in Eq. (57) by dx′, 
dy′ and dz′, using Eqs. (A24) and (A25) to replace the derivatives with respect to y and z by those 
with respect to y′ and z′, and using the relation ED 0ε= , we have  
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Remembering that HB 0µ= , using Eqs. (A8)-(A10) to replace Hx, Hy, Hz in Eq. (58) (except in 
the derivatives with respect to x) by the corresponding primed quantities, using Eq. (A26) to 
replace Jx by J′x and ρ′, using Eq. (A5) to replace Ex by E′x, and using Eq. (A22) to replace t∂∂ /  
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in the first term on the right of Eq. (58) by the corresponding primed quantities, we can write Eq. 
(58) as 
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According to Eq. (33), taking into account that 0
2
0/1 εµ =c , taking into account that Eq. 
(33) holds for any volume of integration and that therefore ρ′=′⋅∇′ D , and also taking into 
account that ED ′=′ 0ε , the terms with yExE yx ′∂′∂′∂′∂ /,/ , zEz ′∂′∂ /  andρ in Eq. (59) vanish, so 
that Eq. (59) simplifies to 
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  (60) 
 
Dividing Eq. (60) by γ , taking into account that HB ′=′ 0µ , and using Eqs. (A10) , (A9), (A6), 
and (A7), we can write Eq. (60) as 
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Using the relations 20 / cHB =ε  and 0
2
0/1 εµ =c , we next rearrange Eq. (61) into 
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By Eqs. (A21) and (A23), Eq. (62) can be written as 
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or, in vector notation, remembering that DE =0ε , as 
 
 ( ) SDJSH ′⋅


′
′∂
∂
+′=′⋅′×∇′ ∫∫ dtd ,  (64) 
 
and, by Stokess theorem of vector analysis, as 
 
     SDJlH ′⋅


′∂
′∂
+′=′⋅′ ∫∫ dtd . (65) 
  
Except for the primes, Eq. (65) is the same as Eq. (55). Hence Eq. (55) is invariant under 
relativistic transformations. 
 
 
III. Discussion 
 
 Examples 1 and 2 show the remarkable power and utility of relativistic transformation 
equations. One cannot help but to be impressed by the fact that applying relativistic 
transformations to equations for the electrostatic potential and field we obtain equations for the 
magnetic vector potential and field,2 although at first sight there appears to be no connection 
whatsoever between electrostatic and magnetic quantities. Of course, the primary purpose of 
these examples in this paper was to demonstrate relativistic operations with electromagnetic 
integrals, and the very impressive outcome of these examples should not obscure their primary 
purpose. Still, one cannot ignore the fact that obtaining the integrals for the magnetic potential 
and field without using relativistic transformations is a rather difficult process.3, 4 
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Examples 3-4, although not quite so impressive as Examples 1 and 2, are nevertheless of 
considerable significance. The reader has undoubtedly noticed that Eqs. (24), (35), (44), and (55) 
are Maxwells equations in their integral form. In Einsteins famous 1905 paper5 and in all early 
publications on relativistic electrodynamics, only the invariance of the differential form of 
Maxwells equations under relativistic transformations was discussed or demonstrated. As far as 
this author knows, all later and the most recent publications6 on relativistic electromagnetism 
have adhered to this custom. As a result, the students of relativistic electromagnetism receive an 
unavoidable impression that relativistic transformations do not work with equations involving 
integrals, and, in particular, are not applicable to the integral form of Maxwells equation. 
However, as it is shown in this paper, relativistic transformations work not only perfectly well 
with electromagnetic integrals, but yield very gratifying results specifically when applied to such 
integrals. 
 
  
APPENDIX 
 
(a) Relativistic transformation equations used in this paper7 
 
 )( tvxx ′+′= γ  (A1) 
 yy ′=  (A2) 
 zz ′=  (A3) 
      )( vtxx −=′ γ   (A4) 
 xx EE ′=  (A5) 
 )( zyy BvEE ′+′= γ  (A6) 
 )( yzz BvEE ′−′= γ  (A7) 
 xx BB ′=  (A8) 
 )/( 2cEvBB zyy ′−′= γ  (A9) 
 )/( 2cEvBB yzz ′+′= γ  (A10) 
 )/( 2cvxtt −=′ γ  (A11) 
 zyy vBEE +′= γ
1  (A12) 
 yzz vBEE −′= γ
1  (A13) 
 2/1 cvEBB zyy −′= γ
 (A14) 
 2/1 cvEBB yzz +′= γ
 (A15) 
 xJcv )/(
1 2+′= ρ
γ
ρ  (A16) 
 xJcv ′−=′ )/(
1 2ρ
γ
ρ   (A17) 
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 ])/([ 2 ϕγ ′+′= cvAA xx   (A18) 
 yy AA ′=   (A19) 
 zz AA ′=   (A20) 
 
tc
v
xx ∂
∂
−
′∂
∂
=
∂
∂
2
1
γ
 (A21) 
 


′∂
∂
−
′∂
∂
=
∂
∂
x
v
tt
γ  (A22) 
 


∂
∂
+
∂
∂
=
′∂
∂
x
v
tt
γ  (A23) 
 
yy ′∂
∂
=
∂
∂  (A24) 
 
zz ′∂
∂
=
∂
∂  (A25) 
 )( ργ ′+′= vJJ xx  (A26) 
 
 
(a) Supplementary calculations 
 
In Example 3 we encounter the integral 
 
 dydz
t
DJ
z
H
y
H x
x
yz∫∫  ∂∂−−∂∂−∂∂  .  (A27) 
 
Let us show that this integral is zero. Applying Stokess theorem of vector analysis to Maxwells 
equation 
 
 SDJlH d
t
d∫ ∫ ⋅ ∂∂+=⋅ , (A28) 
 
we have 
 ( ) SDJSH d
t
d ∫∫ ⋅ ∂∂+=⋅×∇  , (A29) 
 
or 
 0=⋅


∂
∂
−−×∇∫ SDJH dt  .  (A30) 
 
Since Eq. (A30) holds for any surface of integration, the integrand in it is zero. And since the 
integrand is a vector, all its Cartesian components are zero. For the x component of the integrand 
we then have 
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 0=



∂
∂
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∂
∂
−
∂
∂∫∫ dydztDJzHyH xxyz  .  (A31) 
 
We shall also encounter the integral 
 
 dydz
t
B
z
E
y
E xyz∫∫  ∂∂+∂∂−∂∂  . (A32) 
  
Let us show that this integral is zero. 
Applying Stokess theorem of vector analysis to Faradays law 
 
 SBlE d
t
d∫ ∫ ⋅∂∂−=⋅ ,  (A33) 
 
we have 
 ( ) SBSE d
t
d ∫∫ ⋅∂∂−=⋅×∇  , (A34) 
 
or 
 0=⋅


∂
∂
+×∇∫ SBE dt  .  (A35) 
 
Since Eq. (A35) holds for any surface of integration, the integrand in it is zero. And since the 
integrand is a vector, all its Cartesian components are zero. For the x component of the integrand 
we then have 
 
 0=



∂
∂
+
∂
∂
−
∂
∂∫∫ dydztBzEyE xyz  .  (A36) 
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